Following arXiv:1907.04737, we continue our investigation of the relation between the renormalizability (with finitely many couplings) and integrability in 2d σ-models. We focus on the "λ-model," an integrable model associated to a group or symmetric space and containing as special limits a (gauged) WZW model and an "interpolating model" for non-abelian duality. The parameters are the WZ level k and the coupling λ, and the fields are g, valued in a group G, and a 2d vector A ± in the corresponding algebra. We formulate the λ-model as a σ-model on an extended G×G×G configuration space (g, h,h), defining h andh by A + = h∂ + h −1 , A − =h∂ −h −1 . Our central observation is that the model on this extended configuration space is renormalizable without any deformation, with only λ running. This is in contrast to the standard σ-model found by integrating out A ± , whose 2-loop renormalizability is only obtained after the addition of specific finite local counterterms, resulting in a quantum deformation of the target space geometry. We compute the 2-loop β-function of the λ-model for general group and symmetric spaces, and illustrate our results on the examples of SU (2)/U (1) and SU (2). Similar conclusions apply in the non-abelian dual limit implying that non-abelian duality commutes with the RG flow. We also find the 2-loop β-function of a "squashed" principal chiral model. 1 bhoare@ethz.ch 2 n.
Introduction
Certain 2d σ-models have the special property of renormalizablility, meaning they have only finitely many couplings running under RG flow. This property is expected to be closely connected with integrability [1] : the conservation of infinitely many hidden symmetry charges should reduce the RG flow in the infinite-dimensional space of σ-model couplings to a finitedimensional one. Having previously been observed [1, 2] only at the 1-loop (Ricci flow) level, it is important to study this reduction at higher loop orders to confirm its relation with integrability.
This question of higher loop orders was addressed recently in [3] , where we showed that, starting from 2 loops, renormalizability requires a specific deformation of the classical target space geometry, which may be interpreted as the result of adding finite local counterterms.
In [3] we focused on the simplest examples of bosonic integrable σ-models with 2-dimensional target spaces. Here we shall consider more general examples with higher-dimensional target spaces and including B-field couplings. We shall concentrate on a particular class of integrable models: the λ-deformation based on a group G or a symmetric space G/H (related to the coset σ-model) [4, 5] with Lagrangian 1 L = k L PCM (g) + L WZ (g) + Tr
Tr[J ∧ J ∧ J] , J = g −1 dg , K = dg g −1 , (1.1) P = 1 , group space G P G/H , symmetric space G/H , (1.2) 1 Our notation and conventions are summarized in Appendix A. The action is defined as S = 1 4π d 2 σL so that L has extra factor of 2 compared to the "conventional" normalization.
where g ∈ G, A ± ∈ Lie(G) and P G/H is the projector onto the orthogonal complement of Lie(H) in Lie(G). Instead of λ it is often convenient to use the parameters γ or κ defined as
This "λ-model" is special due to its close connection to the (gauged) WZW model L G (g) = L PCM (g) + L WZ (g) ,
For example, the λ-model for a group G is a deformation of the G/G gauged WZW model L G/G (g, A) by the term γA + A − . This model is a particular H = G case of the one considered in [6, 7] 
This "γ-model" (1.5) interpolates between two conformal theories: G/H gauged WZW model (γ = 0) and G/H chiral gauged WZW model (γ = −1) [8] .
Let us note also that there is a Z 2 transformation [9, 10, 11] k → −k ,
that maps the Lagrangian (1.1) to itself. The preservation of this symmetry at the quantum level may require a particular choice of regularization scheme (see below). Since the λ → 0 (or γ → ∞) limit of the λ-model yields a (gauged) WZW model, we expect this to correspond to a fixed point of the RG flow. The transformation (1.6), (1.7) then implies that the same should apply to the limit λ → ∞ (or γ → −1). Indeed, in the group space case the λ → ∞ limit of (1.1) is conformal: it is the G/G chiral gauged WZW model, which, on integrating out A ± , gives the G WZW model at level −k. Similarly, in the coset case we find in this limit the G/H gauged WZW model at level −k.
Integrating out the 2d gauge field A ± in (1.1), i.e. reducing the model to the standard (or "physical") configuration space, one finds a σ-model with parameters k and λ. The limit λ → 0 yields the G/H gauged WZW model (or G WZW model in the group space case) with level k. As in the examples in [3] , we shall find that to preserve renormalizability of this model at the 2-loop level with only the coupling λ running, one must make a non-trivial modification of the classical target space geometry.
At the same time, our central observation will be that, before integrating out A ± , the λmodel is renormalizable without any deformation. Changing the variables from A ± to h,h ∈ G as A + = h∂ + h −1 , A − =h∂ +h −1 gives a σ-model on the extended or "tripled" (G × G × G) configuration space (g, h,h). It may be interpreted as the sum of a decoupled G WZW model and a deformation of the G × G WZW model by a particular left-right current interaction term. In the group space case, the form of the resulting action is then protected under the RG flow by the underlying chiral gauge symmetries together with the global symmetries.
For the coset G/H, the λ-model is formally defined for any choice of H (with dependence on the choice of H only through the projector P in (1.1)). However, it is known to be integrable if G/H is a symmetric space [4, 5] . 2 We shall find evidence that the model is also renormalizable if G/H is a symmetric space, which is a further indication of a connection between integrability and renormalizability. 3 The λ-model (1.1) admits a special limit
resulting in the following first-order Lagrangian [4]
This is an interpolating model for non-abelian duality: integrating out v in (1.9) gives the principal chiral model (PCM) on group G, or the G/H symmetric space σ-model, with coupling ∼ h −1 , while integrating out A ± gives the corresponding non-abelian dual (NAD) model. The renormalizability of the λ-model in the extended configuration space also applies in this limit: although the NAD of a group or symmetric space σ-model requires a non-trivial deformation at the 2-loop level [3] , the interpolating model remains renormalizable without deformation. We conclude that, staying at the level of the interpolating model, non-abelian duality commutes with the RG flow beyond the 1-loop level (thus resolving problems discussed in [12, 13] ).
To study the 2-loop renormalizability of the above models we will be using the explicit expression for the β-function of the general bosonic σ-model
In terms of the curvatureR µ νρσ of the generalized connectionΓ µ νρ = Γ µ νρ (G) − 1 2 H µ νρ the 2-loop RG equation can be written as [14, 15, 16, 17] 
Here t is log of the RG mass scale, L X is the Lie derivative with respect to the vector X, corresponding to RG-dependent diffeomorphisms, and dY is an exact two-form, which is a total derivative when pulled back to the worldsheet. This 2-loop β-function is given in a particular "minimal" subtraction scheme [16] . 4 The rest of the paper is organized as follows. In section 2 we consider the λ-model on the extended configuration space (g, A + , A − ). We argue that it should be renormalizable with only the parameter λ running and compute the 2-loop β-function of the λ-model based on general groups and symmetric spaces. As a consequence, the same renormalizability conclusion holds for the model (1.9) interpolating between the PCM and its NAD, with the same 2-loop β-function for h as in the PCM (and the same in the symmetric space case). 3 For example, for more general cosets the symmetries may not be sufficient to rule out other possible current-current counterterms not present in the classical action. 4 Alternative "minimal" schemes are related to this one by (G+B) µν → (G+B) µν +a 1 R µν +a 2 (H 2 ) µν +a 3Rµν .
Since β
µν =R µν it follows that shifts byR µν will leave β (2) µν invariant. On the other hand, shifts by R µν and (H 2 ) µν do modify β (2) µν , and hence, in the case of non-trivial B-field, the 2-loop RG equation is no longer schemeindependent [16] . One other scheme that will be useful in our discussion of T-duality in section 3 is related to the minimal one in (1.11) by
In section 3 we study the renormalization of the λ-model defined by the standard σ-model action, after integrating out A ± . In this case its invariance under the 2-loop RG flow requires a specific deformation of the classical geometry. While in the SU (2)/U (1) case the required counterterm is simple [3] , in the SU (2) case, the corresponding quantum-corrected σ-model action has a rather intricate structure. We also consider a particular limit of the SU (2) λ-model where it becomes T-dual to a σ-model for a squashed 3-sphere, explaining the consistency of the quantum deformation of the original λ-model with the known quantum correction to the T-duality transformation rule. We also discuss the 2-loop β-function for the NAD of the SU (2) PCM.
Some concluding remarks are made in section 4. In Appendix A we summarize our notation and group-theory conventions. In Appendix B we compute the 2-loop β-function for a twocoupling "squashed" principal chiral model that interpolates between the G group space PCM and the G/H coset σ-model, determining also the 2-loop β-function for the latter.
Renormalizability of λ-model: extended configuration space
In this section we shall study renormalization of the λ-model on the extended configuration space. It is first useful to draw an analogy with the γ-model [6] defined in (1.5) (where G and H ⊂ G are simple Lie groups) that interpolates between the gauged WZW (gWZW) and chiral gauged WZW (cWZW) theories. Changing variables (A + , A − ) → (h,h) as 
The change of variables in (2.1) results in a Jacobian contributing to the action as [18, 19] 
In the special cases γ = 0 (gWZW model) and γ = −1 (cWZW model), we can choose q such that (2.4) is a sum of WZW models [6] gWZW :
5)
cWZW :
Since the arguments {g = h −1 gh,h = h −1h } in (2.5) or {g = h −1 gh, h −1 ,h} in (2.6) may be treated as independent fields, it follows that these two models are conformally invariant.
For general values of γ, choosing q = −1 (which ensures the separation of h andh in (2.3)), we may rewrite (2.4) as
This model is defined on the extended configuration space (g,ĥ,h) ∈ G × H × H. The first G WZW term (which is conformal on its own) decouples and then we are left with the "truncated" model L on H × H which is simply a sum of two group H WZW models perturbed by the product of the left and right currents. Like the chiral gauged WZW model (2.6) the Lagrangian
As we shall argue for the λ-model, these two symmetries imply that the γ-model is also renormalizable with only one coupling γ running.
Let us note that the γ-model (1.5),(2.2) admits also a generalization similar to the coset case of the λ-model in (1.1): with γA + A − term replaced by γA + P A − , where P is the projector onto the H/F coset part of the algebra of H (with F ⊂ H ⊂ G). When H/F is a symmetric space this model should again be renormalizable on the extended configuration space (g,ĥ,h) ∈ G×H ×H due to chiral gauge symmetry.
Group space
Let us now apply similar arguments to the λ-model for the group G, which is given by (1.1) with P = 1. Taking H = G in (2.1), so that now h,h ∈ G, we obtain (2.4) with H = G and c H → c G = c 2 (G). It will represent the λ-model as a σ-model on a "tripled" configuration space
3) is simply equivalent to a finite quantum (order 1/k) redefinition γ → γ + 2c G k q of the parameter γ, we are free to fix q to a specific value, q = −1, as in the cWZW case (2.6) and in (2.7), (2.8) . This gives the following analog of (2.7)
We thus obtain the same tripled theory as (2.7),(2.8), now with H → G: the first term is the G WZW model forg, which decouples from the (ĥ,h) theory described by the "truncated" Lagrangian
L may be interpreted as the Lagrangian for the two WZW models for the two groups G with the same level −(k + 2c G ) perturbed by a product of the left current of one group and the right current of the other. 5
Our central observation is that the model (2.10) is renormalizable with only the coupling λ (orλ) running with the RG scale (k should not run as it appears as the coefficient of the WZ term). Indeed, the structure of (2.10) is protected by the same chiral gauge symmetry present in the cWZW model (2.6) and in the γ-model (2.8),
This symmetry, together with the global G symmetrŷ
prohibits the appearance of other current-current interaction terms under the RG flow. 6 It is then straightforward to compute the β-function for λ in the large k perturbation theory, which we will do in section 2.3. The two fixed points of the RG flow for (2.10) will beλ = ∞, 0, corresponding to λ = 0, ∞ respectively. 7
Coset space
Next, let us consider the λ-model for the coset G/H, i.e. setting P = P G/H in (1.1). Repeating the same steps, i.e. using (2.1) to introduce h,h ∈ G, including the contribution from the Jacobian
Classically (i.e. for large k) this model has the expected H gauge symmetrŷ
To preserve this gauge symmetry in (2.14) let us choose (as in the gWZW case (2.5)) q = 0, thus obtaining
As in (2.9) the WZW term for the fieldg decouples, leaving us with
L represents the G × G WZW model deformed by the product of the left and right currents projected to the subgroup P H = 1 − P and the coset P G/H = P . While it is again invariant under the chiral transformations (2.12), here it is not immediately clear that this theory is renormalizable with only one coupling running: in principle, different gauge-invariant projections of the product of currents may appear as independent counterterms. When G/H is an irreducible symmetric space (which also implies the integrability of the λ-model), the coset part of the algebra of G transforms in an irreducible representation of Lie(H). Thus the model is renormalizable with only λ running since new current-current interaction terms are prohibited by symmetries. 8 We shall see this explicitly at the 2-loop level in section 2.4 below. In this case the two expected fixed points of the RG flow for (2.17),λ −1 = 0 andλ −1 = ∞, now correspond to λ = 0 and λ = − k 2c G due to the shift in (2.18) . That is, one of the 1-loop fixed points, λ = ∞, is corrected.
Let us now compute the 2-loop β-function for the model (2.10) in the case that G is a compact simple group, explicitly demonstrating its renormalizability with only one parameter λ running (the 1-loop β-function for this G × G model was computed in [23, 25] ). 9 We shall use large k perturbation theory with λ arbitrary.
Let us introduce the basis {T a } for Lie(G) (see Appendix A for conventions). In a slight abuse of notation, we shall use the indices a andā for the two G-valued fieldsĥ andh in (2.10) respectively (with the tangent space index for G × G denoted as A = {a,ā}). As in [25] we introduce the vielbein
where J a and K a are the currents that appear in the deformation term in (2.10). Up to permutations, the non-zero components of the metric and H-tensor of the G × G model (2.10) are (cf. (1.10))
Our aim is to compute the corresponding β-function in (1.11). Let us formally define the torsion as T A = 1 2 H A BC E B ∧ E C where the tangent space index is raised with the inverse of the metric (2.21). Then from the Cartan structure equation
(2.23)
The non-zero components of the curvature,
If the coset directions G/H transform in an irreducible representation of Lie(H) that is reducible over C, i.e. decomposes into two complex conjugate representations, then there can be additional real gauge-invariant terms that respect the chiral symmetry. An example would be iTr[ĥ −1 ∂ +ĥ (P + − P − )∂ −hh −1 ] where P = P + + P − and P ± are projectors onto the conjugate representations. Such a term should not be generated under the RG flow as it is not invariant underĥ ↔h −1 plus parity, which is a symmetry of (2.17). More generally, we expect any new terms to be excluded by symmetries. 9 On the standard configuration space the 1-loop β-function of the λ-model for group space G or symmetric space G/H can be extracted from [7] and was also explicitly computed in [28, 29] .
Here ⊗ indicates that the product is not symmetrized. We conclude that only theλ-dependent term in (2.10) gets renormalized, i.e. the 2-loop RG equation (1.11) is solved with X µ = Y µ = 0 and
Here the 1-loop term agrees with [28, 29] (recall thatλ = λ −1 + . . . andk = k + . . ., cf. (2.18)). Note also that, while the Lagrangian (2.10) is linear inλ, the non-polynomiality of (2.26) inλ is a direct consequence of the exactness of the σ-model β-function (1.11) in the metric G.
The level k is thus RG-invariant as it should be and, as expected,λ = ∞, 0 are fixed points of the RG flow. Expressingk andλ in (2.11) in terms of k and the coupling κ using (1.3), we find
At the fixed point κ = 1 (equivalent to λ = 0 orλ = ∞), the λ-model reduces to the G WZW model with level k. The other fixed point κ = −1 (equivalent to λ = ∞ orλ = 0) is the G/G cWZW model, which reduces to the G WZW model with level −k after integrating out the gauge field. 10, 11 Note that the 2-loop term in (2.27) is scheme-dependent: it can be changed by redefining κ by a 1/k term (or shifting k by a finite term). 12 Even though k is not running, we effectively have a 2-coupling theory (with 1/k playing the role of a loop-counting parameter) so only the 1-loop term in the β-function (2.27) is scheme-independent.
In a general scheme, the symmetry k → −k, λ → λ −1 (1.6) of the 1-loop RG equation in (2.26),(2.27) does not survive at the 2-loop level. To preserve it requires a particular formulation of the quantum theory, i.e. a specific definition of the couplings, or choice of scheme. For example, if we redefine the parameters as
then the RG equation forλ resulting from (2.26) is
which is invariant under the following quantum version of (1.6)
Note that here k = k + c G is the same as the shifted level of the WZW theory. It is also worth observing that (2.28) is not the only redefinition that restores the symmetry (2.7). Indeed, even restricting to those that preserve the existence of the fixed points and the NAD limit discussed below, there are many.
(2.31) 10 To compare, for the PCM model plus WZ term L = hL PCM + kL WZ (which becomes the WZW model for
. 11 Taking κ = 0 or λ = 1 with finite k (in contrast to the NAD limit (1.8)) gives the G/G gWZW model in which one can fix a gauge so that the remaining degrees of freedom correspond to the Cartan torus. 12 For example, the 2-loop term in (2.26) will depend on the parameter q in (2.3),(2.4), cf. footnote 7.
Here the 2-loop term is scheme-independent since this is now a 1-coupling theory. As verified in Appendix B, the β-function (2.31) matches the standard expression (see, e.g., [32, 33, 14] and footnote 10) for the 2-loop β-function of the PCM on a compact simple group G (with the coupling h = 2g −2 ). As in the SU (2)/U (1) example discussed in [3] , this demonstrates that the NAD of the PCM has the same 2-loop β-function as the PCM itself, extending the previous conclusions [34, 35] A) . 13 The tangent space index for G × G now splits as A = {a;ā} = {α, i;ᾱ,ī}, with the unbarred and barred indices corresponding to the two G-valued fieldsĥ andh.
Here we use the vielbein
Up to permutations, the non-zero components of the metric and H-tensor are
The H gauge symmetry of the model (2.17) is manifested in the vanishing ofᾱ-components of the metric and the H-tensor.
As discussed in Appendix B for the coset σ-model (see above eq.(B.15)), there are various approaches that can be used to treat the H gauge symmetry. For example, we may take (ĥ,h) ∈ G × G to be parametrized by the 2 dim G − dim H physical degrees of freedom and understand eᾱ = J α − Kᾱ as expanded in the vielbein (e i , eī, e α ). Alternatively, we can lift the degeneracy of the metric by setting Gᾱβ = εk 2 δ αβ , then project out theᾱ directions and finally set the regulator ε to zero.
Using either of these methods to compute the torsionful spin connection and the corresponding curvature, the non-zero curvature components are given by
Plugging this into the RG equation (1.11), one obtains
Here c H is defined in terms of the index of the representation of H in which the coset directions transform, as described in Appendix A. In the case that G and H are simple, c H is proportional to the dual Coxeter number of H.
We conclude that only theλ-dependent term in (2.17) gets renormalized, i.e. the 2-loop RG equation (1.11) is solved with X µ = Y µ = 0 and
(2.37)
The 1-loop term agrees with [28, 29] . The level k is RG-invariant, and, as expected,λ = ∞, 0 are fixed points. Expressingk andλ in (2.18) in terms of k and the coupling κ using (1.3) we find
The fixed point κ = 1 corresponds to λ = 0 (λ = ∞), that is when the λ-model reduces to the G/H gWZW model. The other fixed point, which corresponds to the G/H gWZW model with level −k, is corrected and is given by 18) ). As in the group space case (2.27) the 2-loop term in the β-function (2.37) is, in general, scheme-dependent. Again, we find that the symmetry under k → −k, λ → λ −1 in (1.6), present at the 1-loop order is not there in the 2-loop term of (2.37). However, after introducing the shifted level k =k − c G = k + c G as in (2.28), the 2-loop RG equation forλ (2.37) becomes 
with the 2-loop coefficient being scheme-independent in this 1-coupling limit as in the group space case (2.31). As verified in Appendix B, (2.40) matches the expression for the 2-loop β-function of the G/H symmetric space σ-model (reproducing in particular cases the results in [36, 33] ). This demonstrates that the symmetric space σ-model and its non-abelian dual have the same 2-loop β-function.
Low-dimensional examples:
λ-models for SU (2) and SU (2)/U (1)
Let us first study the simplest case of the model (2.10), i.e. with G = SU (2). Parametrizinĝ
where σ a are the standard Pauli matrices, we find the following 6-dimensional metric and B-field One can check explicitly that this metric and B-field solve the 2-loop RG equation (1.11) with vanishing X µ and Y µ , and the couplings running as in (2.26) (with the dual Coxeter number of G = SU (2) given by c G = 2). Next, let us consider the λ-model (2.17) for the symmetric space G/H = SU (2)/U (1). Using the parametrization forĥ andh given in eq.(2.41), we find that the corresponding target space background depends on ψ andφ only through χ = ψ +φ, which is a manifestation of the U (1) gauge symmetry. The resulting 5-d metric and B-field are Similarly, for the NAD model (1.9) we find
The integration over A ± may also give rise to quantum counterterms required to preserve the renormalizability of (3.1) at 2 loops [3] . It is natural to expect that, since the term quadratic in A ± in the Lagrangian (1.1) has the form Tr[A + M A − ], these corrections may depend on the matrix M in (3.1), but determining their form in general appears to be non-trivial. Here we will focus on the examples of the λ-model for the SU (2)/U (1) symmetric space and SU (2) group space.
SU (2)/U (1)
The λ-model for SU (2)/U (1) is related by analytic continuation to that of SU (1, 1)/U (1), which was studied in detail in [3] . Here we briefly summarize certain key points of the discussion there. Fixing the U (1) gauge symmetry by choosing the following parametrization of the coset element
the σ-model (3.1) yields the following classical metric (the B-field is trivial in 2d target space and κ is defined in (1.3))
The observation in [3] was that this metric should be modified by a particular quantum correction from the determinant [37] resulting from integrating over A ±
The 1-loop corrected background G = G 0 + δG then solves the 2-loop RG equation (1.11) with
and
In this analysis the symmetry (1. 
Note that in the κ → 1 limit the level k remains unmodified, in agreement with this limit corresponding to the SU (2)/U (1) gWZW model.
SU (2)
Let us now return to the λ-model for the group SU 
It is possible to ensure the 2-loop renormalizability of the model by adding to this classical background special quantum counterterms. The resulting 1-loop (1/k) corrected background is
(3.11) 14 The most general redefinition achieving this is (C 1 and C 2 are free constants)
This corrected background (3.11) solves the 2-loop RG equation (1.11) with (3.12) and the only non-zero component of X µ being (Y µ = 0)
Again, in this analysis the symmetry (1.6) of the 1-loop RG equation in (3.6) survives at the 2-loop level and, while the 1-loop β-functions for k and κ match those found in the extended configuration space approach, i.e. (2.27) with c G = 2, the matching of the 2-loop terms is only achieved after the following redefinition 16
As in (3.8) , the level k is not modified in the WZW limit κ → 1.
Note that the coupling k defined in (3.11) does not run at 2-loop order, d dt k = 0. This is consistent with the fact that k does not run in the extended configuration space approach and the particular shift (3.14) required to recover (2.27) from (3.12) . This RG invariant k is the coefficient of arcsin α (present in B 0 in (3.10)) in the 1-loop corrected background (3.11) . Choosing it to be integer-valued removes the global ambiguities arising from the arcsin α term. Furthermore, given that under a large transformation 17 15) and that the coefficient of arctan α κ √ 1−α 2 in (3.11) is integer-valued, this term does not lead to any additional ambiguities. The quantization of the flux
also supports the identification of k as integer-valued.
In the case of the SU (2)/U (1) λ-model it was possible to write the 1-loop corrections in a simple way (3.5) in terms of the matrix M as defined in (3.1). Let us try to do the same for the 1-loop corrections (3.11) to the SU (2) λ-model. Since the SU (2)/U (1) counterterm (3.5) took the form ∆L = 1 2 (∂ log detM ) 2 = 1 2 (Tr[M −1 ∂M ]) 2 , we may consider counterterms (with coefficients c i ) built out of the quantity M −1 ∂M . In addition, we may also include counterterms (with coefficients d i ) proportional to the terms present in the classical Lagrangian (3.1) (and its image under parity). As a result, we are led to the following ansatz
We find that this matches the required 1-loop corrected background (3.11) provided the constants c i and d i take the following values
18)
. 16 The most general redefinition achieving this is (C 1 and C 2 are free constants) k → k − 4+(1+κ 2 ) 2 4κ
Combining the quantum counterterms (3.17) with the classical Lagrangian (3.1) allows us to represent the σ-model corresponding to the 1-loop corrected geometry (3.11) in the form L = k L PCM (g) + (k − 2)L WZ (g)
Note that in the WZW limit κ → 1 when the RG invariant k in (3.11) reduces to the usual shift of the level 20) the other corrections to the metric and B-field in (3.11) vanish, so that the expression in (3.19) indeed reduces to the standard WZW Lagrangian k L PCM (g) + L WZ (g) . 18 3.2.1 SU (2) × U (1) invariant limit: abelian T-duality to squashed 3-sphere Let us consider the formal limit
in which the 1-loop corrected background (3.11) becomes 19
The resulting metric and H-tensor have SU (2) × U (1) symmetry (while, as usual, the B-field cannot be written in a way that is manifestly invariant). The background (3.22) solves the 2-loop RG flow equations (1.11) with the parameters running as in (3.12) and X µ = Y µ = 0. Focusing on the classical part of (3.22) by taking k large, we may shift the B-field by a closed 2-form in order to make translations in α a manifest symmetry
Applying T-duality in the α direction we find the metric of the squashed 3-sphere (which also has the interpretation of the η-deformation of the SU (2) PCM, cf. [38] )
(3.24)
To extend this relation to the quantum level, let us use the 1-loop corrected form of the Tduality transformation given in [39] (see also [40] ) in an alternative scheme related to ours by
18 While the coefficients 3+κ 2(1−κ) and 2(1+κ) 1−κ blow up in the limit κ → 1, the corresponding M -dependent expressions vanish faster. Note also that arcsin α = arctan α √ 1−α 2 . 19 We have dropped trivial (i.e. closed 2-form) contributions to the B-field such that only the arcsin α → α + iζ ∼ α term in (3.11) gives a relevant contribution in this limit.
Starting with the background (3.22) and implementing this scheme change gives
This is a special case of a general ansatz
where ϕ is a constant, V m = 0 and B mn = 0. Then the 1-loop corrected T-duality transformation rules simplify to (W mn ≡ ∂ m W n − ∂ n W m ) ϕ = −ϕ+ 1 4 e −ϕ W mn W mn ,Ṽ m = W m ,G mn = G mn ,W m = 0 ,B mn = 0 , (3.28) where the 1 4 e −ϕ W mn W mn term is the 1-loop (or α ∼ 1 k ) correction [39] . As a result, the T-dual background is found to bẽ
where we have rescaledα. 20 This background (3.29) indeed solves the 2-loop RG equations (1.11) with the parameters running as in (3.12) and Xα ,β,γ = Yα ,β,γ = 0.
On symmetry grounds, the σ-model for the squashed 3-sphere (3.24) is renormalizable to all loop orders (without the need for counterterms of different form) [13] (see also Appendix B). Indeed, this is consistent with (3.29) as the coupling redefinition
gives simply (cf. (3.24)) G =k κ(dα − cos βdγ) 2 +κ 1 −κ 2 (dβ 2 + sin 2 βdγ 2 ) .
(3.31)
We thus find another example (in addition to the one discussed in [3] ) of how the required loop corrections to the T-duality transformation rules naturally appear from the deformation under the RG flow of more general integrable models. Similar higher-loop corrections are expected for non-abelian (and also Poisson-Lie) duality.
Non-abelian dual of SU (2) PCM
In the case of the SU (2) λ-model in the coordinates (3.10), the NAD limit (1.8) amounts to 
The RG equation (3.34) for h follows also by taking the limit (3.32) in (3.12) . It matches the 2-loop running of the coupling in the SU (2) PCM (cf. (B.11) ). The limit of the diffeomorphism vector X α (3.13) gives (3.35) after taking into account an extra contribution due to the RGdependent rescaling of α in (3.32) . We can also take the NAD limit (1.8) in the corrected Lagrangian (3.19) , thus getting
we recover the expected σ-model with couplings given by (3.33) .
Taking the further limit of infinite shift of α, i.e. 38) in (3.33) , we find
where we have dropped a trivial (closed 2-form) contribution to the B-field in order to make the shift-symmetry of α manifest. The resulting background is thus R × S 2 supported by a constant H-tensor. Changing scheme as in (3.25) , T-dualising in α using the rules in eq.(3.28) and rescalingα we find 21 G = h+2 4 dβ 2 + dα 2 + dγ 2 − 2 cos β dαdγ = (h + 2) dθ 2 + sin 2 θ dψ 2 + cos 2 θ dχ 2 , (3.40)
i.e. the SU (2) PCM with the S 3 radius-squared equal to h + 2. 22 Hereα = ψ + χ, γ = ψ − χ and β = 2θ. Let us also note that in the limit α → εα, h → ε −2 h, ε → 0, the background (3.33) becomes flat with vanishing H.
Concluding remarks
As we have seen above, formulating the λ-model on extended (G × G × G) configuration space "linearizes" the RG flow, i.e. makes its renormalizability manifest without the need for extra local counterterms apart from running of the coupling λ. The same is true in the limit (1.8) that gives the interpolating model for non-abelian duality. 23 Using this relation we demonstrated 21 Note that, since we now have a 1-coupling theory, the 2-loop β-function (3.34) is scheme-independent and the shift of h here is not in contradiction with the results above. Indeed, sending h → h + 2 leaves (3.34) invariant to 2 loops. 22 Note that in the case when S 3 is interpreted as a coset SO(4)/SO(3) the coupling of the symmetric space σ-model is given by h = 2R 2 (cf. footnote 34). 23 A similar approach may also be useful for clarifying the higher-loop deformation in abelian T-duality. In this case the model on the "tripled" configuration space can be found from the interpolating model for abelian T-duality. For example, consider the metric G = dy 2 + a(y)dx 2 and its classical dualG = dy 2 + a −1 (y)dx 2 with the interpolating model given by L = (∂ r y) 2 + a(y)(A r ) 2 +x rs F rs such that y is a spectator coordinate. If we integrate outx to give A r = ∂ r x we recover the original model for x. If we integrate out A r we find the T-dual model forx. If instead we set A 1 = ∂ 1 x and integrate out A 0 we get the "doubled" model of [41] for x andx (equivalent to the "axial" gauge choice in the Appendix of [42] ). The "tripled" model for (x,x,x) is obtained by setting A r = ∂ r x + rs ∂ sx : L = (∂ r y) 2 + a(y)[(∂ r x) 2 − (∂ rx ) 2 + 2 rs ∂ r x∂ sx ] + ∂ rx ∂ rx . This may be interpreted as a σ-model on 4-dimensional target space with pp-wave metric and B-field.
that the PCM and symmetric space σ-model have the same 2-loop β-functions as their nonabelian duals, thereby extending their quantum equivalence to the 2-loop level.
One open problem is how to interpret the local counterterms required for 2-loop renormalizability of the λ-model defined on the standard configuration space (3.1) starting from the manifestly renormalizable theory on the extended configuration space (2.2). In the simplest example of SU (2)/U (1) model the origin of the counterterm (3.5) can be traced to the determinant resulting from integrating out the 2d gauge field [3] . However, in the SU (2) model with 3d target space the derivation and structure of the rather intricate counterterms in (3.19) and (3.36) are not immediately clear.
Another interesting question is to understand how integrability implies renormalizability and if renormalizable σ-models should always be integrable. 24 Whether this relationship should be with classical or quantum integrability is also of interest. Indeed, there are well-known cases in which the classical integrability is anomalous, e.g. the bosonic CP N model [43] (see also [44] ). However, this does not appear to be reflected in the 2-loop renormalizability. For the CP N model it has been conjectured that quantum integrability can be restored by including an additional free field [45] in the classical limit (related models have also appeared in [46] ). The precise way in which this occurs and how it can be understood in the "tripled" configuration space remain to be understood. An alternative is to consider the supersymmetric CP N σ-model in which there is no anomaly [47] . It could also prove insightful to redo the analysis in this paper for such models.
A potentially useful application of our results is to the η-model of [48, 49] and Poisson-Lie duality. Up to analytic continuation, the η-model and λ-model are related by limits and T-duality [11, 50] or by Poisson-Lie duality [11, 51, 50] . These connections may be used to investigate both the renormalizability of the η-model and higher-loop corrections to non-abelian and Poisson-Lie duality. In our analysis of the λ-model we have computed the 2-loop β-function of the models (2.10) and (2.17) . It would be interesting to extend this to the more general "doubly λ-deformed" models constructed in [22, 23, 24, 25] .
Another obvious generalization is to σ-models on supergroups and supercosets (see, e.g., [52, 53, 54, 29] ) where a generalization of our 2-loop β-function expressions would, e.g., check the 2-loop finiteness of the model of [55] .
For an irreducible finite-dimensional representation of the compact simple Lie group G we normalize the generators {T a } and the invariant bilinear form such that 25
where c 2 (G) is the dual Coxeter number of the group G and indices are raised and lowered with δ ab and its inverse. This implies that Tr is related to the usual matrix trace, tr, by
where χ G,R is the index of the representation. 26 It then follows that
In the coset case, G/H is assumed to be a compact irreducible symmetric space. Introducing the orthogonal splitting 
This means that we have hermitian generators and imaginary structure constants. 26 We use a somewhat unconventional normalization of the generators and thus the structure constants (by a factor of 27 In the classification of irreducible Riemannian symmetric spaces, excluding the special case of flat space, every compact space has a corresponding non-compact space, often referred to as a duality. The simplest example of this is the sphere and the hyperboloid. The non-compact irreducible Riemannian symmetric spaces take the form G/H with H the maximal compact subgroup of G. Therefore, the coset directions are all non-compact and for a positive-definite signature of the metric we replace k → −k compared to the compact case. 28 As in Appendix A (cf. (A.4)) we denote the H and G/H algebra indices by α and i respectively, i.e. the G algebra index is a = {α, i}. The overall minus sign is due to the conventions explained in Appendix A, in particular the choice to use hermitian generators T a satisfying (A.1). The coupling h is related to the conventional PCM coupling g by h = 2 g 2 . Indices in (B.1) and (B.4) are contracted with δ ij and δ αβ .
It interpolates between the PCM on the group G (ε = 1) and the G/H symmetric space σ-model (ε → 0). Also, in the limit
when the coset part decouples, the model (B.1) reduces to the PCM on the group H with the coupling h. For ε = 0, the action (B.1) has global G × H symmetry: g → ugv, u ∈ G, v ∈ H. For the symmetric space σ-model case of ε = 0, the global H symmetry is enhanced to a gauge symmetry. Due to these symmetries 29 the model (B.1) is renormalizable with only the two couplings h and ε (or h) running. This will be explicitly verified below in the 2-loop approximation (expanding in large h for fixed ε).
We define the target space vielbein E a ≡ E a µ dx µ = (J i , J α ) where J a are 1-forms corresponding to the currents in (B.1) (cf. (2.19),(2.32)), so that the corresponding metric of the σ-model in (1.10) takes the form
The spin connection ω a b is found to have the following components
and the non-zero components of the corresponding Riemann tensor are given by (up to permutations and symmetries)
In the PCM case of ε = 1, the curvature (B.6) reduces to the standard group space expression 
. (B.10) 29 This follows from the assumption that H is simple and G/H is an irreducible symmetric space. Therefore both {T α } and {T i } transform in irreducible representations of Lie(H) and the two terms in (B.1) are the only ones that respect the global G × H symmetry of the model. In principle, this argument applies to any coset space G/H for which this irreducibility of representations holds. At the ε = 0 point we recover the symmetric space or coset σ-model and the H gauge symmetry implies that just the irreducibility of {T i } is sufficient for renormalizability. An additional subtlety can occur when the irreducible representations are reducible over C. Then it may be possible to construct new terms respecting the symmetries invoked above (cf. footnote 8). We expect any such new terms to be excluded by additional symmetries such as parity. 30 Here we ignore the diffeomorphism term which is not allowed by the global G × H symmetry. 31 Note that these equations depend on h, c G and c H only through the ratios c G h −1 and
An alternative approach (equivalent to explicitly solving the gauge condition rather than adding it to the action to lift the degeneracy) would be to take g to be parametrized by the dim G − dim H physical degrees of freedom. The particular parametrization is not important, but one could take, e.g., g = exp iv i T i + iv α (v i )T α . Then we may expand J α in the vielbein E i = J i , i.e. J α = F α i (g) E i . Computing the spin correction and the corresponding curvature, the latter does not depend on F α i (g), as expected by gauge invariance, and agrees with (B.15). Plugging (B.15) into the RG equation (B.8) we then obtain the 2-loop β-function for the symmetric space σ-model
This expression agrees with previous results found for particular cosets in [36, 33, 14] . 34 It also matches the result found from the NAD limit of the λ-model in (2.40) . In contrast to (B.9),(B.10), the expression for the β-function for h in (B.16) is valid for any compact irreducible symmetric space (cf. footnote 29) with c G and c H defined in Appendix A, i.e. G and H need not be simple. 35 Let us note that since (B.1) is a two-coupling theory, the 2-loop (and higher) terms in the β-functions (B.9),(B.10) are not, in general, invariant under scheme changes or redefinitions of the couplings h and ε. However, they still contain some invariant information as the limits ε = 1 (PCM on G), (B.3) (PCM on H) and ε = 0 (G/H coset space) lead to one-coupling models whose 2-loop β-functions are invariant under coupling redefinitions.
We finish with a curious observation that the and thus ε = 2 is a 2-loop fixed point. This suggests that the corresponding squashed PCM with ε = 2 is an exact CFT for any value of h. Therefore, it is a particularly interesting representation theory question as to whether there are solutions to the condition c G = 3 4 c H . For this it may be necessary to consider either non-compact groups or supergroups.
